Abstract. We show that there are no irregular Sasaki-Einstein structures on rational homology 5-spheres. On the other hand, using K-stability we prove the existence of continuous families of non-toric irregular Sasaki-Einstein structures on odd connected sums of S 2 × S 3 .
Introduction
In this paper we study Fano cone singularities X polarised by a Reeb field ξ in the sense of Collins-Székelyhidi. The choice of such a polarisation induces a Sasakian metric structure on the link of X. This Sasakian structure is called quasi-regular if the Reeb field generates a one-dimensional torus action it is called irregular if the corresponding torus is at least two-dimensional.
In their paper [CS15] Collins and Székelyhidi show that for an appropriate scaling of ξ the K-stability of the polarised cone singularity (X, ξ) is equivalent to the existence of a Ricci-flat cone Kähler metric or equivalently the existence of a SasakiEinstein structure with Reeb field ξ on the link of X. For a long time only quasiregular Sasaki-Einstein structures were known. Eventually in [GMSW04b, MS05] irregular toric Sasaki-Einstein structures on S 2 × S 3 were found. Further examples were studied e.g. in [HKW05, OY07, CFO08, FOW09] . In [GMSW04a] the construction of [GMSW04b] was generalised to produce higher dimensional nontoric examples. However, in particular in dimension 5 there are still open problems connected to the existence of irregular Sasaki-Einstein structures. In [Spa09] and [Spa11] , respectively, Sparks asks the following two questions. The purpose of this article is to answer these three questions. Our main tools are the combinatorial description of torus actions via polyhedral divisors, which has been developed by Altmann and Hausen in [AH06] , and the results of CollinsSzékelyhidi from [CS15] . The paper is organised as follows. In Section 2 we derive the non-existence of irregular Sasaki-Einstein structures on the 5-sphere from a more general result. Hence, we give a negative answer to Question 3. In Section 3 we recall the notion of K-stability for polarised cone singularities. In Section 4 we consider cone singularities arising from polyhedral divisors and study their Kstability. These results are then used in Section 5 to generalise the result on the non-existence of irregular Sasaki-Einstein structures on S 5 to the case of rational homology 5-spheres. In Section 6 we study a family of non-toric irregular SasakiEinstein metrics on the connected sums (2ℓ + 1)(S 2 × S 3 ), where for ℓ > 1 we find non-trivial moduli for these structures. Hence, this example serves as an affirmative answer to both Question 1 and 2.
R u , such that R 0 = C. An element ξ ∈ N R is called a Reeb field or a polarisation of X if it fulfils u, ξ > 0 for all u ∈ M \ {0} and R u = 0. The Reeb fields form a cone in N R which is called the Reeb cone of X. Its closure σ ⊂ N R is a pointed, rational and polyhedral cone of full dimension. The X is called a Fano cone singularity if X is additionally Q-Gorenstein and log-terminal.
The difference (dim X − dim T ) is called the complexity of the cone singularity. Cone singularities of complexity 0 are called toric.
The condition of having isolated singularities for X ⊂ C N implies that the link L = X ∩S 2N −1 is a smooth manifold. Moreover, the choice of ξ induces an Sasakian metric structure on L. The log-terminality corresponds to the positivity of this Sasakian metric structure. On the other hand every, positive Sasakian structure on a compact manifold arises as the link of an isolated Fano cone singularity. This is essentially a consequence of [BG08, Thm. 8.2.18].
Definition 2.2. The corresponding Sakaki metrics structures on the link of X are called quasi-regular if the Reeb field ξ ∈ M R is rational and irregular otherwise.
We are also interested in the topology of these links. Hence, we are going to derive basic information on their fundamental group and their homology groups.
Lemma 2.3. Let X be an isolated Fano cone singularity. Let us denote its link by
In particular, if L is a sphere, then X is factorial and if L is a rational homology sphere, then X is Q-factorial.
Proof. By our preconditions a generic one-parameter subgroup of T will induce a good C * -action on X with the singular point 0 as its unique fixed point. Hence, L is a deformation retract of X \ {0}. On the other hand, it follows from Satz 6.1 in [Fle81] that H 2 (X \ {0}, Z) ∼ = Cl(X). Note, that the singularity of X is rational, since X is assumed to be log-terminal. Hence, the preconditions of [Fle81, Satz 6.1] are indeed fulfilled.
Factorial cone singularities of complexity 1 have been classified in dimension 2 by Mori [Mor77] , in dimension 3 by Ishida [Ish77] and in arbitrary dimension by Hausen-Herppich-Süß [HHS11] . For the special case of an isolated cone singularities The results may be summarised as follows. Proposition 2.4 ([LS13, Thm. 6.5.]). The only isolated factorial cone singularities of complexity 1 and dimension at least 3 are the following.
(i) The affine spaces C n , (ii) the Brieskorn-Pham singularities in C 4 , given by the equation
given by the equation
, given by the equation
Corollary 2.5. Let n be at least 3 then every Sasaki metric structure with an isometric (S 1 ) n−1 -action on a sphere S 2n−1 arises as the link of one of the singularities in Proposition 2.4.
Corollary 2.6. There are no irregular Sasaki-Einstein structures on S 5 .
Proof. By Corollary 2.5 all irregular Sasaki-Einstein structures on S 5 would arises as a link of a Brieskorn-Pham singularity as in Proposition 2.4 (ii). On the other hand, the Sasaki-Einstein structures on these manifolds are known to be quasiregular, see [CS15] .
K-stability for Fano cone singularities
In this section we follow mostly the notation of [CS18] and [CS15] . Again we consider the weight decomposition of the affine coordinate ring under the action of the torus T .
C
For ξ from the interior of σ the index character F (ξ, t) is defined by
We obtain a meromorphic expansion for F (ξ, t) as follows
Definition 3.1. The coefficent a 0 (ξ) is called the volume of (X, ξ) and will be denoted by vol(ξ).
Definition 3.2. The Futaki invariant for the pair (X, ξ) and an element v ∈ N R is defined as follows
where D v denotes the directional derivative, i.e.
Definition 3.3. A T -equivariant special degeneration of a polarised Fano cone singularity (X, ξ) is a pair (X , v) of a family X → C with a T -action along the fibres and a C * -action v covering the standard C * on the base, such that (i) the generic fibres are isomorphic to X, (ii) the special fibre X 0 is normal, (iii) both actions commute. If X ∼ = X × C * , then the special degneration is called trivial.
In the situation of a special degeneration as above there is a torus T ′ acting on Y generated by the commuting actions of T and C * . The embedding of tori induces an embedding of the corresponding groups of co-characters and their associated vector spaces. The importance of the notion of K-stability for the study of Sasaki-Einstein structures comes from the following theorem by Collins and Székelyhidi. . The K-stability of (X, ξ) is equivalent to the existence of a Ricci flat Kähler cone metric on (X,ξ) for an appropriate rescalinĝ ξ of ξ or equivalently the to the existence of a Sasaki-Einstein structure with Reeb fieldξ on the link of X.
Fano cone singularities from polyhedral divisors
We shortly recall the description of torus actions on affine varieties from [AH06] . We keep the notation from Secion 2, i.e. T is a fixed algebraic torus of dimension n, M and N are its character lattice and the dual lattice, respectively, M R and N R denote the corresponding R-vector spaces.
In general a polyhedral divisor with rational polyhedral tail cone σ ⊂ N R on a semi-projective normal variety Y is a formal sum
with Z running over the prime divisors Z ⊂ Y and D Z being rational polyhedra in
For all but finitely many Z the polyhedral coefficients D Z coincide with the tail cone σ. We call these coefficients trivial. By the support of D we mean the union of all Z, where D Z is non-trivial. Note that in concrete examples we usually write down explicitly only the summands with non-trivial coefficients (as it is done for ordinary divisors).
For every polyhedral coefficient D Z we denote its set of vertices by
Z is defined to be the minimal natural number µ(v) ∈ N such that µ(v)v becomes a lattice element.
A polyhedral divisor can be evaluated at elements u ∈ σ ∨ ∩ M as follows
The result is an ordinary Q-divisor on Y . A polyhedral divisor is called proper if the following conditions are fulfilled
is big for every u from the interior of σ ∨ .
A proper polyhedral divisor defines an affine variety
Moreover, the natural M -grading induces an effective T -action on X. By [AH06] every normal affine variety with torus action can be obtained by this construction. From the construction it is clear that R 0 = C if and only if Y is actually projective and that the Reeb cone is given as the interior if σ. We see that the dimension of Y equals the complexity of the torus action. We now specialise to the case of Fano cone singularities of complexity 1. Here, Y has to be a curve. Moreover, by [LS13, Cor. 5.8.] log-terminality implies that Y ∼ = P 1 . In this situation the conditions above simplify drastically. Given a polyhedral divisor D = y∈P 1 D y · y its properness corresponds simply to the condition deg(
Here, the summation over the polyhedral coefficients uses the Minkowski addition of polyhedra. Let D be a proper polyhedral divisor on P 1 and assume that D is supported in y 1 , . . . , y r ∈ P 1 . Then by [LS13, Prop. 4 .4] the Q-Gorenstein condition is equivalent to the fact that the following system of linear equations has a (unique) solution
Here, ρ runs over the rays of the tail cone, which do no intersect the degree polyhedron deg D and v ρ denotes the primitive lattice generator of ρ.
By [LS13, Cor. 5.8] for X (D) being log-terminal is equivalent to the fact that (4)
As a consequence of this condition u lies in the interior of the weight cone (tail D) ∨ . A polyhedral divisor D on P 1 fulfilling the above conditions defines a Fano cone singularity X (D) and every Fano cone singularity of complexity 1 arises this way. The Reeb cone is given as the interior of tail(D).
Definition 4.1. We call this uniquely determined element u ∈ M Q from (3) the canonical weight of D. Similarly, for a toric Q-Gorenstein singularity given by a cone σ ⊂ N R the canonical weight is defined to be the element u ∈ M R , such that u, v ρ = 1 for all primitive generators v ρ of rays ρ of σ.
Infact, in both cases u is the weight of a generator of the canonical module
Following [IS17] we are now going to describe equivariant special degenerations of X (D) in terms of the polyhedral divisor D.
Definition 4.2. Given a polyhedral divisor D on P 1 then a choice y ∈ P 1 is called admissible if for every u ∈ (tail D)
∨ ∩ M one has min v∈Dz u, v / ∈ Z for at most one z = y. 
Where y ∈ P 1 is admissible. The induced C * -action is given by an element of N × Z <0 .
Remark 4.4. If y ∈ P 1 is an admissible choice with respect to D then the canonical weight u y for σ y has the form u y = (u, a y + 1), where u ∈ M R is the canonical weight for D and a yi is as defined and a y := 0 if y / ∈ {y 1 , . . . , y r }.
For a cone σ ⊂ N R consider the following polytope obtained by truncation of the dual cone
By [MSY06] we can use this to calculate the volume of ξ.
Proposition 4.5. For a Q-Gorenstein toric Fano cone singularity. The volume functional vol : N R → R is given by
Similarly we have a statement in the situation of a complexity-1 torus action. Hence, the volume can be effectively calculated on the toric degenerations, discussed in Section 4.
Example 4.7 (Q-factorial toric case). Consider the case of a full-dimensional simplicial cone σ ⊂ N R . Let u 1 , . . . , u n ∈ M be the primitive lattice generators of the dual cone. Then
Note, that just for convenience here and in the following we consider the normalised lattice volume. This differs from the Lebesgue volume only by the constant factor n!. u,ξ ξ ∈ u ⊥ . Since in the toric case non-trivial equivariant special degenerations do not exist K-stability is equivalent to the condition that D −v vol(ξ) vanishes for all v ∈ u ⊥ . On the other hand, it was observed by [MSY08] that the volume functional is convex and proper on [u = 1] ∩ σ. As such it has a unique critical value. As it was pointed out in [CS15] in this way it is possible to recover the following result from [FOW09] .
Proposition 4.8. The link of a Q-Gorenstein toric singularity admits a SasakiEinstein structure.
Example 4.9 (Q-factorial toric case (continued)). Consider again the case of X to be toric and Q-factorial, i.e. the corresponding cone σ is spanned by an integral N R -basis v 1 , . . . , v n . Let us denote the elements of the dual basis by u 1 , . . . , u n of M R . In the light of Example 4.7 we see that D (vj −vi) vol(ξ) = 0 if and only if
Since we have u i , ξ > 0 for all i = 1, . . . , n, we may divide by k =i,j u k , ξ and obtain u j , ξ − u i , ξ = 0. Hence, (X, ξ) is K-stable if and only if u i , ξ = u j , ξ , but this is equivalent to the fact that ξ is a multiple of n i=1 v i . It follows, that a toric Sasaki-Einstein structure on a Q-homology sphere is necessarily quasi-regular.
For the case of a Fano cone singularity X = X (D) obtained from a polyhedral divisor D on P 1 we obtain the following theorem. 
Non-existence of irregular Sasaki-Einstein metrics on rational homology 5-spheres
In this section we specialise to the case of three-dimensional isolated Fano cone singularities X, i.e. those admitting five-dimensional manifolds as their links. Let us assume that the link admits an irregular Sasaki-Einstein structure. Hence, the corresponding Reeb field ξ generates a torus T of dimension at least 2, which acts effectively on X. On the other hand, from the considerations in Example 4.9 we know, that X cannot be toric. Hence, we are left with the case of a complexity-1 torus action.
Let X = X (D) be a three-dimensional Fano cone singularity given by a polyhedral divisor D. Recall that tail(D) ⊂ N R ∼ = R 2 coincides with the closure of the Reeb cone and is necessarily full-dimensional. Then tail(D) is bounded by exactly two rays ρ 1 and ρ 2 with primitive lattice generators v 1 and v 2 . Consequently every polyhedral coefficient D y has two facets of the form v The inverse implication follows analogously.
Proposition 5.2. A Q-factorial three-dimensional cone singularity with maximal torus T = (C * ) 2 and isolated singularity is given by a polyhedral divisor supported on three points on P 1 , which we denote by 0, ∞ and 1, fulfilling the following Hence, we are in necessarily in situation (i). Again he fact that the 2-torus action X (D) cannot be extended to a 3-torus action implies that there are at least three polyhedral coefficients, which not just integral translations of deg D. Beside the one coefficient of the form vv ′ + tail D there are at least two further coefficients which are non-integral translates of the tail cone. However, (iii) of Proposition 5.1 implies that there cannot be more than two of such elements and that v and v ′ are lattice elements. Moreover, by condition (i) of Proposition 5.1 v − v ′ has to be a primitive lattice element. Theorem 5.3. A Sasaki-Einstein structure on the link of a Q-factorial threedimensional Fano cone singularity of complexity 1 is necessarily quasi-regular.
Proof. Consider a polyhedral divisor fulfilling the conditions of Proposition 5.2. We
describes the central fibre of a special degeneration as discussed in Section 4. Assume that u is the canonical weight of D. By (3) this implies that u,
On the other hand, the dual cone σ ∨ 0 is generated by three primitive lattice elements w 1 , w 2 and w 3 . One of them, say w 1 , will be orthogonal to (v 0 + v, −1) and (v 0 , −1) and, hence, to their difference (v, 0), as well. This implies
Here, p 1 : M R × R → M R denotes the projection. Then for dimension reasons (7) p 1 (w 1 ) = λu for some λ ∈ R. Assume that ξ ∈ N R is the Reeb field of a Sasaki-Einstein structure on the link of X and v ∈ u ⊥ . Then by Theorem 3.5 and Theorem 4.10 we must have
On the other hand, σ 0 is a simplicial cone. Hence, as seen in Example 4.7 for vol(ξ + sv) we obtain
Hence, D v vol(ξ) vanished if and only if
On the other hand w 1 , (ξ − sv, 0) = p 1 (w 1 ),ξ − sv = λ by the definition ofξ and (7). This implies, that the left-hand-side of (8) is a linear inξ with coefficients in Q. Hence, the Reeb fieldξ, as the unique solution of (8), must be rational and the corresponding Sasaki-Einstein structure on the link of must be quasi-regular.
A family of non-toric irregular Sasaki-Einstein metrics
In this section we prove the following theorem.
Theorem 6.1. For every k ∈ N \ {3} there is a family of irregular Sasaki-Einstein structures on k · (S 2 × S 3 ). For k > 1 these structures admit non-trivial moduli.
For a fixed odd k ∈ N we consider the p-divisors D on P 1 with tail cone σ = ρ 1 + ρ 2 , where ρ 1 = R ≥0 · (−1, 1) and ρ 1 = R ≥0 · (15k − 4, 8). Its coefficients are given as follows.
See Figure 1 for the case k = 1. This is a proper subset of σ. Hence, for a choice of k distinct points y 1 , . . . , y k ∈ C * the above data defines an affine variety X k = X (D). Varying the point configuration y 1 , . . . , y k leads to a (k − 1)-dimensional family, which are pairwise equivariantly non-isomorphic, see [AH06, Cor. 8.12 ]. In the following we will see that for odd k the X k are indeed isolated Fano cone singularities.
Lemma 6.2. For every odd k ∈ N the singularities X k are isolated.
Proof. We are using Proposition 5. are 3k − 4, 15k − 4 and 8. For odd k the greatest common divisor of the minors is 1 and the two vectors can be complemented to a lattice basis. Now Proposition 5.1 implies that the cone singularity is indeed isolated.
Lemma 6.3. The singularity X k are Gorenstein and log-terminal.
Proof. The choices u = (0, 1) and a 0 = a ∞ = 1 and a yi = 0 for i = 1, . . . , k. solves the equations (3). It follows that X = X (D) is Q-Gorenstein. Moreover, X is also log-terminal, since 4 /5 + 2 /3 + 0 < 2.
Next, we calculate a unique (up to scaling) canditate for a Reeb field of a SasakiEinstein structure. Recall thatξ = ξ/ u, ξ ∈ [u = 1]∩σ. By the above this implieŝ ξ = (x, 1) with −1 ≤ x ≤ k·15−4 8
. By Theorem 4.10 we have to find the value for x such that D (1,0,0) vol σ ∨ y (ξ, 0) = 0 for some y ∈ P 1 . Consider the cone σ 0 as in Proposition 4.3, which corresponds to one of the toric degenerations of X. We obtain 
The unique root x 0 ∈ [−1,
8 ] of the numerator is given by
This is an irrational number for k = 3. Indeed, note that we have This equals 63 for k = 3. For k ≥ 9 one has
Hence, the square root is necessarily irrational for these values of k. For the remaining values irrationality can be checked case by case. Now, consider any positive recaling ξ ofξ = (x 0 , 1).
Proposition 6.4. For every k ∈ N the Fano cone singularities (X k , ξ) are K-stable.
Proof. There are only two admissible choices for y ∈ P 1 , namely y = 0 and y = ∞. We first apply the criterion of Theorem 4.10 for the degeneration corresponding to σ 0 . Similar to (10) we calculate
We have to show that this is a positive number for every k ∈ N. We do this explicitely for k ≥ 9. The remaining cases can be checked in a similar fashion by bounding x 0 from above and below for a particular value of k. Plugging the lower bound of (13) into (11) and using k ≥ 9 gives the following estimate
Now, using this lower bound one obtains 120k 2 −928k −256 and 920k +368 as lower bounds for the numerators of (14) and (15), respectively. Those are both positive for k ≥ 9. On the other hand, the denominators above are always positive due to the the condition −1 ≤ x 0 ≤ 15k − 4.
Similary we can check the positivity of the Futaki invariant for the degeneration corresponding to σ ∞ . The corresponding cone and its dual are given as follows. Hence, the group is trivial.
Proof of Theorem 6.1. It follows from the previous results in this section and Theorem 3.5 that the links L k of our isolated Fano cone singularities X k admit SasakiEinstein structures. It remains to show, that the links L k are diffeomorphic to k(S 2 × S 3 ). By Lemma 6.5 the link L k is simply-connected as it is a deformation retract of X k \ {0}. Now, [PS11, Cor. 3.15] gives Cl(X k ) ∼ = Z k . As before we can apply [Fle81] to conclude H 2 (L k ) ∼ = Z k , as well. On the other hand, among the simply connected 5-manifolds from the SmaleBarden classification only S 5 and k(S 2 × S 3 ) can admit Sasaki-Einstein structures with (S 1 ) 2 -symmetry, see [BG08, Prop. 10.2.27]. Hence, the result follows from the fact that H 2 (k(S 2 × S 3 )) ∼ = Z k .
Remark 6.6. There is an alternative way to describe the affine varieties X k . By 
